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Abstract 

We describe the T-space of central polynomials for both the unitary 
and the nonunitary infinite dimensional Grassmann algebra over a field of 
characteristic p ^ 2 (infinite field in the case of the unitary algebra) . 



1 Introduction and preliminaries 

Let A: be a field and X a countable set, say X = {xi | « > 1 }. Then ko{X) 
denotes the free (nonunitary) associative fc-algebra over X, while ki{X) denotes 
the free unitary associative fc- algebra over X. 

Let H denote any associative fc-algebra. For any X C H, {X) shall denote 
the linear subspace of H spanned by X. Any linear subspace of H that is 
invariant under every endomorphism of H is called a T-space of H, and if a 
T-space happens to also be an ideal of H, then it is called a T-ideal of H. For 
X C H, the smallest T-space containing X shall be denoted by X^ , while the 
smallest T-ideal of H that contains X shall be denoted by X^ . In this article, 
we shall deal only with T-spaces and T-ideals of ko{X) and ki{X). 

An element / G ko{X) is called an identity oi H ii f is in the kernel of every 
homomorphism from fco(X) to H (from ki{X) if H is unitary). The set of all 
identities of if is a T-ideal of kQ{X) (and of ki{X) if H is unitary), denoted by 
T{H). An element / G fco(X) is called a central polynomial oi H if f ^ T{H) and 
the image of / under any homomorphism from kf){X) {ki{X) if H is unitary) 
belongs to Ch, the centre of H. 

Let G denote the (countably) infinite dimensional unitary Grassmann alge- 
bra over fc, so there exist £ G, i > 1, such that for all i and j, CiCj = —ejCi, 
e| = 0, and S = { eijCij • • • e^^ | n > 1, zi < 12 < •••««}, together with 1, forms 
a linear basis for G. The subalgebra of G with linear basis B is the infinite 
dimensional nonunitary Grassmann algebra over k, and is denoted by Gq. 

Evidently, T(G) C T(Go). It is well known that T^^), the T-ideal of fci(X) 
that is generated by [[xi, 0:2], 0:3], is contained in T(G). For convenience, we 
shall write [xi,a:2ja;3] for [[xi, X2], 2:3]. Moreover, it is also well known (see [4], 



Theorem 5.1.2 (i) for example) that for a field of characteristic zero, T{G) = 
2^(3) _ 

We shall let CP{G) and CP{Go) denote the T-spaces of ki{X) and ko{X} 
that are generated by the central polynomials of G and Go, respectively. Evi- 
dently, T(G) C CP(G), r(Go) C GP(Go), and GP(G) n ko{X) C GP(Go). 

The original interest in central polynomials dates back to 1956 [7] , when Ka- 
plansky asked whether there exists a central polynomial for the matrix algebra 
Mr{k), r > 2. It wasn't until 1972-73 that the answer to this question was pro- 
vided by constructions due to Formanek [5] and Razmyslov [S]. Subsequently, 
many authors have contributed examples of central polynomials for the matrix 
rings. 

In contrast, little seems to be known about the central polynomials for an- 
other natural algebra to study, namely the Grassmann algebra. It is known (see 
[2]) that for a field of characteristic zero, GP(G), the T-space of central poly- 
nomials of G, the infinite dimensional unitary Grassmann algebra, is equal to 
{ [a;i,a;2], [xi, 0:2] [is, 0:4] }^ . Furthermore, for a field of characteristic 2, the uni- 
tary infinite dimensional Grassmann algebra (and hence the nonunitary Grass- 
mann algebra) is commutative, and thus the T-space of central polynomials for 
each is ko{X). 

In this paper, we describe the T-space of the central polynomials for both the 
unitary and the nonunitary infinite dimensional Grassmann algebra over a field 
of characteristic p ^ 2 (except for the case of the infinite dimensional unitary 
Grassmann algebra over a finite field). As should be expected, the description of 
the central polynomials relies heavily on knowledge of the T-ideal of identities 
of the relevant Grassmann algebra, due to A. Giambruno and P. Koshlukov 
[6] for the case of the unitary infinite dimensional Grassmann algebra over an 
infinite field, and to P. N. Siderov [T^ for the case of the nonunitary infinite 
dimensional Grassman algebra over an arbitrary field of characteristic p > 2. 

In the case of the infinite dimensional nonunitary Grassmann algebra over 
an arbitrary field k, we show that if k has characteristic zero, then 

GP(Go) = { [X1,X2], [XI,X2][X3,X4] 

while if k has characteristic p > 2, then 

GP(Go) = { [xi,X2],x{,X2x{, [xi,a;2][x3,X4] }^ + {wn \ n > 1}'^, 

where for each n > 1, w„ = Y[k=il-^2k-i,X2k]x2k-iX2k^ ■ 

In the case of the infinite dimensional unitary Grassman algebra over an 
infinite field k, we show that if k has characteristic zero, then 

GP{G) = { [xi,X2], [xi,X2][xs,jX4\ }'^, 

while if k has characteristic p > 2, then 

CP{G) = {[Xi, X2],X^j^,[xi, X2][X3, X4] + { xfn+iWn | " > 1 j'^, 

where for each n > 1, w„ = Y[k=il-^'^'<:^i,X2k]xlk-iX2k^ ■ 
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We complete this section with a description of some famihar identities that 
will be required in the sequel. 

Lemma 1.1 (i) [u,vw] = [u,v\w + v[u,w\ for all u,v,w E kQ{X) . 
(a) [u, vw] — [m, v\w + [u, w\v + [v, [u, w\] for all u,v,w £ kt){X). 
(in) [u, W^i^i Vi] = X]"=i( [''^i ^i] n5=i ) {'modT^^^) for any positive inte- 
ger n, and any u,vi,V2, ■ ■ ■ ,v„ G fco(^). 

(iv) [u,v]['w,x] = —[u,w][v,x] {modT'^'^^) for all u,v,w G ko{X) . 

(v) [u, v\ [u, ui] = (modT^^^) for all u,v,w G ko{X) . 

(vi) [u, v\uw = [m, v]vuu (modT^^^) for all u,v,w G ko{X) . 

(vii) Forn > 2, a;>5 ee (a;iX2)" + Q) [xi, .xalx^^^^^"^ [modT'^^^). 

Proof. Parts (i) and (ii) are evident by direct calculation. We prove (iii) by 
induction on n. The result is trivial when n = 1, while (ii) establishes the case 
for n ~ 2. Suppose now that n > 2 is an integer for which the result holds, and 
consider m, ui, W2, . . . , Wn, Vn+i G ko{X). Working modulo T^^\ we have 

n+1 n 71 

["7 Yl '"i^ = II + [""' ■^"+1] II by (i) 

i—l i—1 J — 1 

n n+1 n 

= II ^0 '^'i+i] H ''^i tiy the inductive hypothesis 

i=l j=l j=l 

n+1 n+1 
= ^ ( [m, Uj] H "0 • 

i=l i=l 

The result follows now by induction. 

For (iv) and (v), see Latyshev 0. (vi) follows immediately from (v), as we 
have [u,v]uw — [u,v]wu — [u,v][u,w] =0 (modT'^'^^). 

For (vii), observe that xfx2 = (a;ia;2)^ +a:i[xi, a;2]a:2 = (a;ia:2)^ + [a^i, X2]a;ia;2 
modulo T^'^\ Suppose now that n > 2 is an integer such that X1X2 = (a;ia;2)" + 
{'^)[xi,X2Wl''^X2~\ again modulo T(3). Then 

a;"+^X2+^ = Xi{x'lx2)x2 = a;i(xia;2)"a;2 + (^xi[xi,X2]x'l~^X2 

= (a;ia;2)"+^ + [xi,{xiX2y'']x2 + [xi,X2]x'l;x^ 

= {xiX2)"^^ + n[xi,xiX2]{xiX2)"~^X2 + [xi,X2]x"x2 by (iii) 

= (xiX2)"+i + (''^^)[xi,X2]x'lx^ by (vi), 
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and so the result follows by induction. 



We note that by definition, any 2-conimutator is central modulo T^^\ while 
Lemma 11.11 (vi) establishes that in any product term that has a 2-commutator 
factor [u, v], any occurrence of u (or w) in the product term commutes with any 
factor of the product term, modulo T^^^ . 

2 The central polynomials of the infinite dimen- 
sional nonunitary Grassmann algebra over a 
field of characteristic p ^ 2 

Throughout this section, it is assumed that k has characteristic p ^ 2. 

Lemma 2.1 For any u,v G ko{X) and nonnegative integers m,n, [u,v]u"^v" 
is central modulo T^^^ . 

Proof. First of all, for any w G ki(X), [w, [u, v]] — w[u, v] — [u, wjw, so [u, v] 
is indeed central modulo T^^\ With this fact and Lemma ll.ll (vi), we then 
obtain w[u,v]u"^v^ = [u,v]u"^v^w (niodT^'^'). ■ 

Definition 2.1 If p — 0, let S — {[xi,X2j^}^ , while if p > 2, then for each 
n > I, let Wn = lTk=i[^2k-i, X2k]xlk-i^2k o-'^d set S ^ { [xi,X2] }^ + {wn I 
n > 1 }-^. 

Lemma 2.2 S C CP{G) n fco(X) C CP(Go). 

Proof. This is immediate from Lemma |2. II ■ 

Lemma 2.3 Let ai, a2 he positive integers, and suppose that u G ko{X) is cen- 
tral modulo Then [0:2, a;" '+^a;^'u] = («! + I)[x2,xi]x"'x2^u (modT^^^). 

Proof. Working modulo T^'^^ we have 

[x2,Xi^^^X2^u\ = [x2, Xi^^^X2^]u + [x2 , u\xi'^^^ x'^'^ bv Lemma 1 1.1 1 fii) 
= [a;2,a;"^+^a;^"]u since [x2,u] = (modT^^^) 
= [x2, X2^]x'!^'^^^u + [x2, Xi'^^^]x2^u bv Lemma 1 1.1 1 (ii) 
= {ai + l)[x2, xijxi'- X2^u bv Lemma ll.ll fiii). 

■ 

Corollary 2.1 Let (3i, i ~ 1 . . . ,2n he integers such that for each i, < (3i, 
and, if p > 2, j3i < p — \. Then 

n 

X{[x2k-l,X2K]xll'-lx^2T eS + T^^\ 
k=l 
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Proof. Letu = YYk^^[x2k-i,X2k]x2l''SiX2k'°- If p > 2 and /3i = p — 1 for each 
i, then u e 5, while if either p > 2 and there exists i such that /3i < p — 1, or 
p = and i is arbitrary, then /3i + 1 is invertible and so, working modufo T*^^' 
(by Lemma ll. II fvi). we may assume without foss of generahty that i is odd, say 
i = 2j — 1), we have 

l<fe<n 

by Lemma 12.11 and Lemma 12.31 ■ 

Corollary 2.2 Let ai,a2 he nonnegative integers, let u,w G fco(^), and sup- 
pose that u G kQ{X) is central modulo T^'^\ Then [ai + \)v[xi^X2]x"'^x2^u = 
[X2,v]x'^'+'^x^^u {mods + T'^^')). 

Proof. By Lemma 11.11 (ii) , we have 

[X2,vx'^'+^x'^^u] = v[x2,x'^'+^x'^^u] + [X2,v]x'^'+^x'^^u (modT^^)), 
so [x2,v]x'^^+^x^^u EE ~v[x2,x"^+^x'^^u] (mod S* + T^^) ) , and by Lemma[131 
[x2,Xi^~^^X2^u] = ~{ai + l)[xi, X2]xi^ X2^ u (mod T*-"^-*). 

Since T^^^ is an ideal of fco(^), the result follows. ■ 

The following proposition is due to Siderov (presented in [lOj for the nonuni- 
tary case). 

Proposition 2.1 Every element of { [xi,X2] is congruent modulo T*-"^-* to a 
linear combination of elements of the form wY[^^i[xj2s_i,X2s]Xj^'~^x^^^ , where 
ji < ^2 < • • ■ j2s, Pi > for all i, and either w is void, or else w = JlrLi ■^"'^ 
and ii < 12 < ■ ■ ■ < ir, { ■ ■ • , V } H { ji, . . . , j2s } = 0, and > for all i. 

Proof. Let / G { [a:i,a;2] }^ , so that / is a linear combination of elements 
of the form w[u, v]z, where w, u, v, z are monomials in kQ{X), with one or both 
of w, z possibly void. Now for monomials u and v = 0^=1 ^is' may apply 
Lemma 11.11 (iii) to obtain that 

n n 

[u,v] = Y}u,x,^\{x,, (modT(3)). 

s=l t=l 

Additionally, since 2-commutators commute modulo T^'^\ it follows that / can 
be written as a linear combination of elements of the form wYY!,^-y[xj2^_^,Xj2^], 
where either w is void, or else w has the form w = O^i with a/ > 
for each Consider a polynomial of the form w[u,v], where w — W^^ix"^ 
with ai > for each i, and suppose that the variables appearing in w are not 
in the proper order. Then we use the identity xy — yx + [x, y] to replace w 
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by a sum of two terms, one a monomial on the same variables as w but with 
fewer out of order, the other of the form u''[a;i, w], where w' has fewer 
variables than w. It follows that x can be written as a linear combination 
of polynomials of the form wY[^^i[xj2,^-nX2s], where w is either void or else 
w = Y[r=i -^r*^' ■where ii < 12 < ■ ■ ■ < ir, and > for all i. Next, we use 
Lemma 11.11 (iv) and (vi) to obtain a; as a linear combination of elements of the 

ioivtiw]Xl^i[xj2^_^,X2s\xf^lZl^'jTs' where ji < j 2 < ■ ■ ■ i2s, Pi > for all I, and 
either w is void, or else w — Y[T=i ^t'^ ^^'^ ii < 12 < ■ ■ ■ < ir, and > for 
all i. Finally, we use Lemma 11.11 (vi) to obtain / as a linear combination of 
elements of the desired form. ■ 

The elements that appear in Proposition 12.11 will play an important role in 
the sequel. 

Definition 2.2 Let SS denote the set of all elements of the form 

(l^) Y[l=l[Xh,--i,X2r]xf^lZl^'jZ' or 

where ji < j2 < ■ ■ ■ j2s, A > and > 1 for all i, {ii, . . . ,ir }n{ ji, . . . , j2s } = 
0, and ii < i2 <■■■< it- 
Let u e SS. If u is of the form (i), then the beginning of u is J^*^]^ j 
end of u is empty, the length of the beginning of u, lbeg{u), is equal to t and 
the length of the end of u, lend{u), is 0. If u is of the form (ii), then we say 
that the beginning of u is empty, the end of u is YVr=i[^j2r-n^'2r]x^i^''^^Xj^'' , 
and lbeg{u) = and lend{u) — s. If u is of the form (Hi), then we say that 

the beginning of u is Y[l-=i^?)^' ^^"^ of u is Y[l=ii^j2r-n^2r]Xj^^Zi^^2r ' 
lbeg{u) — t and lend(u) = s. 

In [11], Venkova introduced a total order on the set SS which was useful 
in her work on the identities of the finite dimensional nonunitary Grassmann 
algebra. Subsequently, Siderov [10] used a modification of this order in his work 
on the identities of the infinite dimensional nonunitary Grassmann algebra. 

Definition 2.3 (Venkova's ordering) For u,w e SS, we say that u > v if 
one of the following requirements holds. 

(i) degu < degu. 

(ii) degu = degw but lend{u) < lend{v). 

(Hi) degM = degw and lend{u) — lend{v), but there exists i > 1 such that 
deg^. u < deg^. v and for each j < i, deg^^ u = deg^.^. v. 
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(iv) degu = degw, lend(u) = lend{v) and for each i > 1, deg^. u = deg^,. v, 
and there exists j > 1 such that Xj appears in the end of u and in the 
beginning of v, and for each k < j, Xk appears in the beginning of u if and 
only if Xk appears in the beginning of v. 

It will be helpful to note that if u > u by virtue of condition (iv) , then there 
exists k > j such that Xk is in the beginning of u and in the end of v. 

Definition 2.4 Let R be the subspace of k(){X) that is spanned by {u E SS \ 
lbeg{u) > 0}. 

Lemma 2.4 fco(X) = i? + + T^^) . 

Proof. Observe that by Proposition 12.11 and Corollary 12.11 each element of 
{ [xi, X2\ is in + 5 + T'^^\ and so it suffices to prove that every monomial 
belongs to i?+ 5* +T(3). This we prove by induction on the number of pairs of in- 
dices that are out of order. Consider an arbitrary monomial w = x^^ x^^ ■ ■ ■ x^^ , 
where ti ^ ti+i for every i. If the indices are in ascending order, then w G R. 
Otherwise, we may use the identity xy = yx + [x, y] to write w as the sum of 
a monomial with fewer indices out of order and an element of { [a;i, X2] }"^. It 
follows now by induction that w E R + S + T'^'. ■ 

Definition 2.5 A product term Ci^Ci^ ■ ■ ■ ei„ in Gq is said to be even if n is 
even, otherwise the product term is said to be odd. u G Gq is said to be even if 
u is a linear combination of even product terms, while u is said to be odd if u 
is a linear combination of odd product terms. Let C denote the set of all even 
elements of Gq, and let H denote the set of all odd elements of Gq. 

Note that C and H are subspaces of Go, with G closed under multiplication, 
H'^ C G, and CH = HC C H. Evidently, Gq ^ C ® H as vector spaces. 

Lemma 2.5 (i) C = Ggq- 

(ii) For h,u E H , hu = ~uh. Ln particular, h^ ~ Q (since p ^ 2). 

(Hi) Let g £ Go, so there exist (unique) c d C and h G H such that 
g = c + h. For any positive integer n, g"' = c"" -\- nc^~^h. 

(iv) Lfp>2, then for g E Gq, g^ = 0. 

(v) Let Ci,C2 € G and /ii,/i2 G H, and set gi = ci + hi, 52 — C2 + /i2- 
Then for any nonnegative integers toi,TO2, [gi, g2]gT^ 9T^ = 2c™^c™^/ii/i2 
(where g'^ and c^ are understood to mean that the factors g^ and are 
omitted). 

(vi) Let u G Gq. Then m""*"^ = 0, where n is the number of distinct basic 
product terms in the expression for u as a linear combination of elements 
ofB. 
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Proof. That C C Cqo and hu = —uh for all ft. 6 iJ, m G ko{X), it suffices to 
observe that ekici^ei^ ■ ■ ■ Ci^) = {-l)"-ei^ei^ ■ ■ -ei^Ck for any ek,ei^,ei2, ■ ■ ■ ,ei„. 
It remains to prove that Cgq ^ C- Let u G Cgq ■ Then w = c + ft for some 
c S C and h £ H. Then h = u — c E Cqo as well. But ft = X^ILi where 
for each i, ai E k and m.; £ H D B. Let j be such that Cj does not appear 
in any Ui. Since h G H, hcj = —Cjh, but since ft G Cgq, ftej = ejh. Thus 
= 2hej = X]r=i 2aiUiej. Since ej does not appear in any Ui, we conclude that 
2ai = for every i. Thus 2ft = 0, and since p ^ 2, it follows that ft = and so 
ueC. 

For (iii), note that since c G C is central, (c + ft)" = X]"=o (i)"^*'*" Since 
ft G -ff , we have ft^ = 0, so only the terms with i — n — 1 and n survive, so 
(c + ft)" = (^^"^ Jc"-ift + (,")c" = c" + nc"-ift, as required. 

For (iv), suppose that p > 2 and write c G C as a linear combination of 
even product terms, say c = ^j^j^ where each Uj is an even product term, 

hence central. Then 

= V {. . ValUl)'^•■•(afeUfe)'^ 

«i+i2H hifc— P 



r) p 



Since p divides (.^ .^^ if every ij ^ p, it follows that d" — X]i=i 
Finally, since each Ui is a product term and thus uf — Q for each i, it follows 
that = 0. For g £ Gq, we have g = c + h for some c G C and h £ H, and by 
(iii),5f = cP, so gP = 0. 
For (v), we have 

[9i,g2]gT'9r = [ci+fti,c2+ft2]crcr = [fti,ft2]crcr = 2ftift2crcr. 

Finally, let w G Go with u = ^"^j^aiU^, where each Ui is a basic prod- 
uct term. Then u"~^^ is a linear combination of product terms of the form 
where 11,12, ■■■ , in+i G { 1, 2, . . . , n }, so in each product term, 
there is at least one index i such that Ui appears twice in the product term, and 
so each product term is 0. ■ 

Definition 2.6 For u = Ci-^Ci^ ■ ■ ■ G B, let s{u) = { e^j^, e^j, . . . , e^^ }. Then 
for any g e Gq, if g ^ 0, let s{g) = IJ™ 1 ^(Si); where g = 1 ^iSi with 
tti G k* and gt G B, while s(0) = 0. We shall refer to s{u) as the support of u. 



The next lemma is an adaptation of Lemma 2.9 in [lOj . 



Lemma 2.6 Let n and N be positive integers and let w = T^^=n+i 62^-162^ G 



C, and let V — w + e2N+2n+i- Then the following hold. 

(i) Let t = e2N+iG2N+2 ■ ■ ■ e2N+2n- Then t £ C Ci B and ~ n\t G {t) , 
so s{w^) = s(t) — s{w), while for any m < n, 

w"' G ({mG ;B I s{u) C s{w)}). 
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(a) Let t = e2N+ie2N+2 ■ ■ ■ e2N+2ne2N+2n+i- Then t £ H Ci B and = 
(n + l)lt G (t) , so s{v"^^) = s{t) = s{v), while for any m < rt + 1, 
v-^ e ({u e S I s{u) C s{v) }). 

Proof. Since eiCj is central in Go f^or any i and j, it follows that for any 
positive integer m, 

0<ji,...,jTi<m fc— 1 

jlH hjn=m 

E (. .™ ■ ) Yliei^.^.e,,,)"- since e? = 
0<ii,...J,.<l V-'i'-'2,---,J«/ j^^^ 
ilH l-i„=m 

n 

= m! ^ ]J(ei2fc_ie,2j^". 
o<ji,...,ir.<i fe=i 

jlH l-i„=m 

The result follows now by Lemma [275l since w € C and e2Ar+2n+i G -ff • Note that 
by Lemma [231 (iii) and (vi), v"'~^^ = + {n+ l)w"- e^^^^-^ — {n+ l)w"ei2„^^. 

■ 

Definition 2.7 Lef t and n be positive integers with t < n, and define Mt^n to 
be the set of all elements of the form 

s 

r=l 

or 

^r=l ^ r=l 

or, in the case t = n only, elements of the form 

n 

nc (3) 

as well, subject to the following requirements. 

(a) sj>l. 

(b) 1 < ii < ■ ■ ■ < ii < t for elements of type (2.2) or (2.3). 

(c) ji < ■■■ < j2s- 

(d) {ii, ...,ii,t}r\ {ji, . . .,j2s} = 0- 
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(e) {ii, . . . U {ji, . . . ,j2s} = {1, • • •,"■}. 

(f) For every k with 1 < k < I, 1 < am, ctk, and, if p > 2, am, ctk < P ^ 1- 

(g) For every r with I < r < 2s, < Pr, and, if p > 2, j3r < p — \. 

For any positive integers m and n with m < n, Mm,n ^ SS, and so Definition 
12.31 defines a total order on M^.n- 

Lemma 2.7 Let m, n be positive integers with m < n. Then for any u G Mm,n, 
there exist gi, g2, ■ ■ ■ , gn in Gq{z), the suhalgebra of Gq that is generated by 
{ ei, 62, . . . , Cz }, where z — 2(deg(u) — lend{u)) — \, such that the following 
hold: 

(i) 7^ u(5i,.92, • • • e (nr=iei); 

(ii) for any v G M^.n with u> v, ^(51,52, ■ • • ,5ri) = 0; 

(Hi) ifp > 2, then for any g G Go, [gm,5]ffm~^ = 0. 

Proof. Let u G M,n,n- Tlicn u has form as shown in either ^ or or, in 
the case m = n, oi the form ([3]), and we shaU give the proof for u of the form 
([2]), as it wiU be evident in the argument that the forms ([T]) and ([3]) can be 
handled in a similar way. Under this assumption, there exist indices zi, . . . 
ji, ■ • ■ ,j2s and integers ai, . . . , at, a™, and /3i, . . . , /?2s satisfying the conditions 
of Definition [2Jl(a)-(f) such that 

Ml^xi, a;2, . . . , a:„j — I la;^ \_\_l^j2k-iJ^j2k\^j2k-i^j2k ' 

^k=l ' fc=l 

By repeated applications of Lemma 12.61 (i) and (ii), making appropriate 
choices for the value of N in each case (see (i) below), we find that for the 
values: 

- g-m^ e-2N^+2l-l + Z^Ll e2Ar„ + (2i-l)e2A'„+2i, whcrC I = arn-l; 

- for each k with 1 < k < t, gi^ = YhIi e2N^+(2i~i)e2Nk+2u 

- for each k with l<k<2s, gj^ = e2Nk+2i3k+i + J2i=i (^2Nk+{2i-i)e2Nk+2i; 
the following hold: 

(i) for any ij with i ^ j, s{gi) Ci s{gj) = 0. 

(ii) there exists 6„i & H Ci B such that s(fe„j) = s(gm) and 7^ g"," G (hm), 
but for any i > a,,,. = deg^^(u), gl^ = 0; 

(iii) for each k with 1 < fc < t, there exists 6.;^ G Cn;B such that 5(6;^,) = ^(ffifc) 
and 7^ G but for any j > ak = deg^Ju), gf^ = 0; 
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(iv) for each k with 1 < fc < 2s, if r > /3fe + 1 = deg^^ (u), then gj^ — 0, while 
if r > deg^^{u), then for any g & G, [gk,g]gk = 0. Moreover, there exists 
bjf, £ H f) B such that s{bj^) = s{gj^), and for each r with 1 < r < s, 

bhr-ibj2r e ens and 7^ [fe.-i , Sj-sJaiT-Ti'siT e (^j2fe-i&j2fc)- 

Observe that since |s(gm)| = 2am — 1 = 2degj.^^(M) — 1, and for each r = 
1, 2, . . . , i, |s(5i^)| = 2ar = 2 deg^. (u), while for each r = 1, 2, . . . , 2s, |s((7j^)| = 
2Pr + 1 = 2degj.^. (u) — 1, we may choose the various N[s so that s{gi) U 

• • • s{gn) = { ei, 62, . . . , }, where z = 2 dcg^^^^ (u) - 1 + X^Li 2 deg^.^ (m) + 
E'li(2deg,^.^H - 1) = 2dcg(zi) - 2s - 1. 

The first assertion of the lemma now follows immediately, since 

It s \ 

^ u{gi,g2, . . . ,g„) e ( (W h^)bm{W bj^^_,b 



k=l k=l 



and (nl=i^ij^m(nLi^j2fe-i^i2j = rir 

For the second assertion, suppose that v £ M„i,n with u > v. Note first that 
if w > t; is due to either condition (ii) or condition (iv) of Definition 12. 3[ then 
there exists an index i such that Xi is in the beginning of u and the end of v (see 
the remark following Definition 12. 3[) . In such a case, i ^ m since Xm appears in 
the beginning of every element of Mm,n, and so i G { ii, 12, . . . , it }. But then 
gi eC and thus ^(51, 32, ■ • • , 5«) = 0. 

Next, we observe that if u > u due to condition (i) or condition (iii) of Defi- 
nition l^^ then there exists i such that deg^. (v) > deg^. (u). But then either i = 
irn or i — ik for some k with 1 < fc < i, or else there exist k with i G { J2fc-i, J2fc }• 
If Xi appears in the beginning of v, then ^^'^ ^ is a factor of w(gi, g2, ■ ■ ■ , gn), 

and by (ii) or (iii) above, g^ (w) = and so v{gi, g2, ■ ■ ■ , gn) = 0. On 
the other hand, suppose that Xi appears in the end of v. Then i ^ m and 

there exist k,l such that i G {k,l} and [5fe,<?;]<7^ ' <?; ^'^'^ ^ is a fac- 
tor of v[gi,g2, ■ ■ ■ ,gn)- If a^i appears in the beginning of u, then gi is cen- 
tral and v(gi, g2, ■ ■ ■ , gn) = 0. Otherwise, Xi appears in the end of u, and 

(dcg^ u) — l dcg^ (u) — l 

then by (iii) above, we know that [gk,gi]gk gi ' ~ ^ and hence 

v{gi,g2, . . . ,5„) = 0, as required. 

For the third assertion, assume that p > 2. We have ffm = Cm + ^m, where 
Cm = SilAT-Ti"^ e2i-ie2i € C and /i™ = e2Ar+2a„-i G i?, where a™ < P - 1- 
Thus Cm has q;„i — 1 < p — 2 (even, hence commuting) summands of the form 
621-162^, and so cf,^^ = 0. By Lemma [2751 fv) . for g G Go, with g = c + /i, c G C, 
h £ H,we have [g™, gjgf^^^ = 2cP^^hmh = 0, as required. ■ 

Definition 2.8 A polynomial f G ki(X) is said to be essential in its variables 
if every variable that appears in any monomial of f appears in every monomial 
off. 

For / G ko{X), let M{f) denote the number of monomials in /. 
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Lemma 2.8 Let V be a T -space in ko{X). 

(i) Let f Cz V . Lf f is not essential in its variables, then there exist /o,/i 
tn V such that f = h + h and M{fo) < M{f), M{h) < M{f). 

(ii) Let Ey = {f (zV \ f is essential in its variables}. Then V ~ {Ev); 
that is, V is the linear span of Ey ■ 

Proof. We first consider (i). Suppose that / is not essential in its variables. 
Then there exists a variable x that appears in some but not all monomials of /. 
Let /o denote the sum of all monomial terms of / in which x does not appear, 
and let /i — f — fo- Since /o = f^^g G V, it follows that fi € V as well. 
Furthermore, we have M(/o) < M{f) and M{fi) < M{f), as required. 

Next, consider (ii). If F = { }, then Ey = and the result holds. Suppose 
that y 7^ { }. We prove the result by induction on M{f). Of all elements of 
V, let / be one for which M{f) is least possible. We note that M{f) > 1. If / is 
not essential in its variables, then by Lemma l2.8l (i), there exist fo, fi G V with 
f = fo + f-^ and M{fo),M{fi) < M{f), which is not possible. Thus / G Ey. 
Now suppose that / G V and for all 5 G V with M{g) < M{f ), g e (Ey). If 
/ ^ Ey, then by Lemma [Ml (i) , there exist /o,/i G V with M(/o),M(/i) < 
M(/) and / = /o + /i- By our induction hypothesis, fo, fi G {Ey), so / G (Ey) 
as well. The result follows now by induction. ■ 

Lemma 2.9 If p ^ 0, then T{Go) = T^^), while if p > 2, T{Go) ^ {x{}'^ + 

Proof. For p — 0, this result appears as Corollary 2 of [1], while for p > 2, it 
is Theorem 3 of [10,. ■ 

We are now ready for the main result for the infinite dimensional nonunitary 
Grassmann algebra over an arbitrary field of characteristic p > 2. 

Theorem 2.1 For k any field of characteristic p ^ 2, CP{Go) — S + T{Go). 

Proof. Let U = S + T{Go). It is immediate from Lemma [2.21 that U C 
CP{Go). 

For the converse, we note that GP{Go) is a T-space, and thus by Lemma [2?8l 
(ii), GP{Go) is the linear span of its essential polynomials. It suffices therefore 
to prove that any essential element of CP{Go) belongs to U. So let / G GP{Go) 
be essential in GP{Go), and suppose that f ^ U. Then by Lemma [2.4[ / = 
ajitj (modt/), where for each j, aj G k*, Uj G R, and, if p > 2, any 
variable in the beginning of Uj has degree at most p — 1, while any variable in 
the end of uj has degree at most p (since then G T(G'o)). Without loss of 
generality, we may assume that the variables that appear in / are xi, X2, ■ ■ ■ , Xn 
for some positive integer n. We may further assume that for each j, Uj is 
essential in ko{X) in the variables xi,X2, ■ ■ ■ ,Xn- For suppose to the contrary 
that for some i and j, Xi does not appear in uj. Let fo — J2x not in u otrUr 
and /i = f — fo- Since Xi appears in every monomial in / and /i, we have 
= =fo + (/i^^^o) ^ fo (modt/), and so / = /i (modC/). 
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Next, we observe that since each Uj G R, Uj has a nonempty beginning. Let 

m — max{ i \ 1 < i < n and there exists j such 

that Xi appears in the beginning of Uj }. 

Now, for each j such that Xm appears in the beginning of Uj, Uj G M„i.n- Let 
frn denote the sum of these terms, so that G (Mm,™), and let fe^f~ fm- 
Suppose that G U. Then = / ^ (modJ7), and so G M,„,„ — {0}, 
which imphes by Lemma [2.71 that f„i ^ CP{Go) and thus / ^ CP{Go). Since 
this is not the case, it follows that fe ^ U. Consider j such that ctjUj is a 
summand of fe- Suppose that deg^^ uj < p, so there exist < «i < Z2 < • • • < 
it < m, positive integers ai, . . . , a*, < ji < • • • < j2s, nonnegative integers 
Pi, ...,132s such that m G {ji, . . . , j2s }, /3m < P - 2, and 



fc=l 



We may assume without loss of generality that ni is odd, since the argument 
for the case when m is even can be converted, modulo T^^-*, to the case where m 
is odd by a sign change in aj. Thus m = 2d — 1 for some d with 1 < d < s, and 
for convenience, let (3 = Pj^^^i- We apply Corollary 12.21 taking v = Yl^^ixf^ 

and U = Ylr=l[Xj2^_-^,Xj^^^]x'^^''2i^n'' ^ ^° ^^"^ 

u/^i''\p + ir'[x,,,,v]xi+'x^^^y 

(V * * 

''ee (/3+l)-i^afc[x,,,,x,Jxf;-i(n<0^^'4'> byLemmaO 
fc=i 1=1 (iii) and (vi) 

(3) * * 

= J2if3 + l)-'a,([[x't;)xi+'[x,,„x,,]x^^-^xl^-\ byLemmaO(vi) 

k=l 1=1 
t 

Now for each k, {^Yx'^^^^x^^[xj^^,Xi^]x^^^^'^x'^^~^u is equal to 
1=1 

l^k 



''J2T— 1 J •^J2rj'^j2r-l ^2. 

i=l r=l 
l^k r=id 

and by Lemma lLl) working modulo T'^', the end of this element can be rear- 
ranged so as to give an element of R with beginning (n*=i We have 

l^k ' 

proven now that if p = or else p > 2 and deg^^^ Uj < p, then Uj is congruent to 
a linear combination of elements of M^.n. It follows that m is such that there 
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exist /„j e (M,„,„) and, if p > 2, 

/e G ({ u G i? I deg^^ u =p, and for every i, if Xi 

appears in the beginning of u, then i < m}) 

while if p = 0, take fe ~ 0, such that / = /,„ + /e (mod 5 + T^'^)). Suppose 
now that m is minimal with respect to this property. If /,„ = (modS' + T'^^-'), 
then / = /e (mods' + T^^'), which contradicts our choice of m since /e is 
a linear combination of elements of R in whose beginning only elements Xi 
with i < m appear. Thus € {Mm,n) — {0}, and so by Lemma [^771 there 
exist 5i,g2,---,5« e Go such that ^ /„(gi,52, ■ ■ ■ ,5n) e (eie2---e2} where 
z = 2(deg(u) — lend{u)) ~ 1 and for any g £ Go, [gm, g]9?n^^ — 0. Since z is 
odd, /m(gi,52, ■■■,gn) t Cgo- If P > 2, then /e = X^Ti^'i, where for each i, 
Vi G R and deg^,^ Vi — p, from which we obtain that in each Vi, Xm appears 
in a term of the form [x„i,y]xf^^y^ , and so Wi(gi,<?2, ■ • ■ ,5n) = for each i. 
Thus if p > 2, /e(5i,52, • ■ • ,gn) = 0, while if p = 0, this holds by definition. 
We therefore have /(^i, 52, ■ • ■ , 5n) = /m(5i, .92, . . . , 5„) + (mod Ggo)- Since 
/m(5i,52, • ■ • ,.9n) ^ Ggq, this implies that / ^ GP(Go), contrary to fact. Since 
this contradiction follows from our assumption that / ^ t/, it follows that / e L/, 
as required. ■ 

Corollary 2.3 If k is a field of characteristic zero, then 

CP{Go) = { [X1,X2], [XI,X2][X3,X4] 

while if k has characteristic p > 2, then 

CP{Gq) = { [xi,X2],X^,X2X^, [XI,X2][X3,X4] }^ + {Wn\n>l }^ , 

where for each n>l, w„ = Ilk=i[^'2k~i, X2k]x2k-iX^',^^ . 

3 The central polynomials of the infinite dimen- 
sional unitary Grassmann algebra over an in- 
finite field of characteristic p > 2 

Note that G = (1) © Go = (1) G © H, and Gg = (1) © G. For each g £ G, 
g = a + c + h for some a E k, c £ G, and h £ H . 

Lemma 3.1 ([6j, Theorem 6) T{G) = T^^). 

Definition 3.1 If p = 0, let Si — S, while if p > 2, let 

k 

Si ^ { [xi,X2],x^}^ + {xf ]^[a;2i,X2i+i]a;^7^^2i-+i I ^ > 1 1"^- 

i=l 

Note that if p > 2, S* C 5*1, by virtue of the substitution xi ^ 1, while if 
p = 0, then 5 = 51. Thus in every case, 5 C 5i. 
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Lemma 3.2 Let p > 2 and u G SS with lbeg{u) > 0. //deg^.(u) = (modp) 
for every Xi that appears in the beginning of u, then u ^ Si -\- T^^^ . 

Proof. By Lemma [TTT] (vii), x'^^x^^ ' ' ' ^it = ' ' ' ^n Y (modT'^^^), and so 
it suffices to prove the result for the case 



k=l k=l 



with t = 1. Thus we consider u = x°'_^ Y[k=i[^hi-i^^hi]-'^'j2i-i^hi^^^ ^ 
with ai = (modp). Since x^ is central in ki{X) modulo T^"^), it follows from 
Lemma [TTT] (vii) that we may assume that Pi < p — 1 for each i. li j3i = p — 1 
for each i, then u G 5i, so we need only consider the situation when there exists 
i with j3i < p — 1. Without loss of generality, we may assume that i is odd, say 
i = 2r — 1 for some r with 1 < r < s, so we have 1 < 1 + P2r-i < P ~ 1- Let 
V = Y[k=i[xj2i^i,Xj2i]x^^^2i^j2i^^^ y SO by Lemma [1.11 (vi). v is central modulo 
T'^'^K Using Lemma [TTT] (i) and (iii), working modulo T'^-*, we obtain that 

r p l+fer-l fer 1 

„ P r l+/32r-l /32r 1 I f 1 l+/32r-l /32r 

^ (1 + , ^,2,>S::>t« + < ^.-]4t!r" 

= (1 +/?2r.-l)M. 

Since [xfj^x]^J^^{~^Xj^^v,Xj2^] £ Si and l + /32r-i ^ (modp), it follows that 
ite5i+T(3). . 

Definition 3.2 Let Ri be the subspace of ki{X) that is spanned by 1 and 

{ u G 55 I lbeg{u) > 0, and, if p > 2, for some Xi in the 

beginning of u, deg^.(u) ^ (modp) }. 

Corollary 3.1 ki{X) = Ri + Si + T^^). 

Proof. In the case p = 0, Ri = k + R and Si — 5, so by Lemma 12.41 
we have ki{X) = k + ko{X) = k + R + S + T^^^ = i?i + 5i + T^^). Suppose 
now that p > 2. Our proof in this case is similar to that of Lemma [2.41 By 
Proposition l2 . II and Corollarv l2.11 each element of { [xi, 0:2] }^ is in 
Moreover, any m £ i? in which every variable that appears in the beginning of u 
has degree congruent to modulo p belongs to Si + T'^'^^ by Lemma 13.21 Thus 
{ [xi, 2:2] }^ C i?i + 5i + r(^). Since 1 £ i?i (and Si in this case), it therefore 
suffices to prove that every monomial belongs to i?i +5i +T'^^\ From this point 
on, proceed as in the proof of Lemma 12.41 ■ 

Definition 3.3 For positive integers to, n, ri, r2, . . . , f„ with m <n and r^ ^ 
{modp), let Af^ „(ri, r2, . . . , r„) denote the set of all u G SS with lbeg{u) > 
for which Xm appears in the beginning of u and deg^. u — ri for every i. 
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It is useful to observe that the conditions of Definition 1 2 . 31 also define a total 
ordering on M^ ,^{ri,r2, • . • ,r„). 

Lemma 3.3 Let m, n, ri, r2, . . . , r„ be positive integers with m < n and, if p > 
2, r.m ^ {modp). Then for any u G nl?"!, ■ • ■ ,rn), there exist 51,32, ■ ■ ■ ,9n 
in G{z), the suhalgebra of G that is generated by { ei, 62, . . . , }, where z = 
2lend{u) + 1, such that the following hold: 

(i) u{gi,g2, ■ ■ ■ ,5n) has nonzero odd part in {Ylr=i ^i) j 

(a) for any v £ Af^_„(ri, . . . , r„) with u> v, v{gi,g2, g„) = 0; 

Proof Lctw = ni=i2;j,'' ni=i[a;j2i-i:a;j2,]a;^Ji:^' x/^^^' , and suppose that 
k is such that ik ~ m. Let gm = l+em, and for I ^ fc, let gi^ = 1. Let gj, — l+Cj, 
for every / with 1 < / < 2s. Then 

u{9i,92,---,gn) + rmem)2''Y[ej^^_,ej^i 

1=1 

has nonzero (since ^ (modp) if p > 2) odd part rraem'^^ YYi=i ^321-1^321 G 

For any v £ M^, „(ri, . . . , r„) with u > u, we have lend{v) > lend{u) and 
thus there exists an index I ^ m with xi in the beginning of u and in the end 
of V. But then gi = 1 and so v{gi,g2, . . . , gn) =0. ■ 

Corollary 3.2 For any positive integers m, n, ri, r2, . . . , r„ with m < n and, if 
p > 2, rm ^ (modp), 

{M:^Jr,,...,r,,))nCP{G) = {0}. 

Proof. For convenience, let M' — M^^ „(?'i, • ■ • , ''«), and let / G {M'), f ^ 0. 
Then / — X]i=i '^i'^i for ai G k* , Ui € M', with ui > U2 > ■ ■ ■ > Uf. By Lemma 
13.31 there exist gi, g2, . . . , <?„ € G such that 1*1(171, 172, • ■ • , ffn) has nonzero odd 
part and for each j > 1, ^^(51,52, • • ■ = 0. Thus /(5i,52, ■ • ■ ,5n) = 
ui{gi,g2, ■ ■ ■ ^ Cg, and so / ^ CP{G). ■ 

Definition 3.4 ^ nonzero polynomial f G fci(X) is said to be multihomo- 
geneous of type (ri, r2, . . . , r„) if f ^ Y^l^^a^Ui, where for each i, ^ 0, 
Ui G fco(2^i, . . . , Xn), and Aeg^. Ui — rj for each j. 

It is an immediate consequence of [3], Lemma 1.3 (1), that if k is infinite, 
then every T-space of fci {X) is generated (as a T-space) by its multihomogeneous 
elements. 

Theorem 3.1 Let k be an infinite field of characteristice p > 2. Then CP{G) = 
Si+T{G). 
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Proof. Let Ui = Si + T(G) ^ Si + T^^\ By Lemma O S C CP{G). 
Suppose first that p = 0. Then Ui = S+T^^\ and so Ui C CP(G). On the other 
hand, if p > 2, then since G Cg for every g e G, it follows that G CP{G), 
which together with the fact that S" C CP{G) yields C/i C CP(G). Suppose 
that CP{G) -Ui 0, and let / e GP{G) - Ui. By the remarks above, if every 
multihomogeneous element of GP{G) belonged to Ui, then GP{G) C Ui. We 
may therefore assume that / is multihomogeneous, say of type (ri, r2, . . . , r„). 

By Corollary / = o^i"* (modC/i), where g Ri for each i. Let 

Y = {ui \ I < i < b, Ui is multihomogeneous of the same type as / }, and let 
W — {ui \ 1 < i < b} — Y . Then there exist yi,y2 € Ui, such that yi is either 
or else is multihomogeneous of the same type as /, while 2/2 is either or else 
is multihomogeneous of type different from that of /, and, for fi = X]« eF '^^iWj 
and /2 = J2ui£W / = /i + yi + /2 + y2- Necessarily, fi + yi is either 

or else multihomogeneous of the same type as /, while /2 + 1/2 is either not 
multihomogeneous or is multihomogeneous of a type different from that of /. 
But then / — (/i + yi) is either or is multihomogeneous of type that of /, so 
it follows that / — (/i + yi) — 0; that is, / = /i (modC/i). We may therefore 
assume that W — 0. 

Observe that for every j, lbeg{uj) > 0, and, if p > 2, there must exist an 
index i such that r.^ ^ (modp) and Xi is in the beginning of Uj for some j, 
because otherwise uj G Ui for all j and so / G C/i, which is not the case. Let 

m = max{ i \xi is in the beginning of Uj for some j, and, 

if p > 2, n ^ (modp) } 

Suppose that for some index j, Xm appears in the end of Uj. Without loss 
of generality, we may assume that 

s 

k=l 

where Pi — rj. — 1 for each i, and m — j2i-i for some I with 1 < I < s. By 
Corollary O (since S C Si), 



321 11 U-^J2fc-lJ •^J2fcj-^j2fc-l ■^]2k J 

k=l 
k^l 

(7 * t s 

= X] '''^ t^-JS' ' ] ^ia° ^i2^l' (II ^ife'' ) ^n?" II ( \.^32k- 1 I 2;j2fc ] I ^J2k ) ■ 

a=l h=l fe=l 

= y ] ^ia (H ■^■ih )'^rn" [•^^21 ' -^ial-^i^ -^^-^^ JJ^ ([2^j2fc-l : ■^J2fc ]''-j2fc-l ''^ j2k , 

a=l /i=l A:=l 

h^a k^l 
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If p > 2, then since [x^jXm] = p[xk,Xm]x^ = (modT^^^), it follows that 
be moved, modulo T^^\ to the left of each x^l" in the beginning of Uj 
for which m < ia (by choice of m, r^^ = (modp) if m < ia). Furthermore, by 
application of Lemma l 1 ■ II fiv) and (vi), the end of each summand may be manip- 
ulated modulo T^^^ so as to present Uj as a sum of multihomogeneous elements of 
type (ri, r2, . . . , r„), each in Ri — Ui. We may therefore assume that Xm appears 
in the beginning of each uj. But then Q^i^^j G {-^m n(^ii ■ ■ ■ ; ^n)}, and since 
/ = X]i=i Q^j""* (mod[/i), it follows from Corollary 13.21 that c^i^i = 0. 

Since this implies that / G C/i, which contradicts our choice of /, we must have 
CP{G) — Ui — 0, as required. ■ 

Corollary 3.3 Let k be an infinite field. If k has characteristic zero, then 
CP{G) = {[xi,X2\t[xitX2\[x3,X4\}^ , whUc if k has characteristic p > 2, then 
CP{G) = { [xi,X2\tx'{, [xi,X2][x3,X4\ + { a^jn+i^n \ n > l}^ , where for each 

n>l,Wn= I{l^l[x2k-l,X2k\xll'^^xll^ . 
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